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1. We consider the motion of an orbiting satellite in a central
gravitational force field during the process of changing circular orbits
under the influence of an acceleration W, whose vector at any instant
is directed along the binormal to the perturbed trajectory. It is known
that such a perturbed motion corresponds to a rotation of the osculating
orbit [l] relative to the center of gravity in which the shape of the
orbit remains unchanged. We are interested in a maneuver resulting in
the transfer of the satellite into a given plane of motion. The aim of
such a maneuver will be achieved if at the end of the active portion of
the flight the plane of the osculating orbit coincides with the given
plane.

We will carry out the analysis of the motion of the osculating orbit
under the action of the acceleration W.

We fix to the plane P of the unperturbed orbit a right-handed rec-
tangular system of coordinates Oxy: (Fig. 1) with origin at the center
of gravity, such that the x-axis is directed towards the point C of the
orbit, where the satellite is at the instant ty when the maneuver
starts, while the y-axis is along a perpendicular to the x-axis in the
plane of the orbit and is in the direction of the motion of the
satellite.

As a result of the maneuver the triad of axes Oxy: occupies the
position Ox’y’z’. The new position of the triad relative to the initial
position may be described by the Euler angles y, 9, ¢ (Fig. 1). The
rate of change of the Euler angles under the action of the acceleration
¥ is in the general case determined by the differential equations of
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the osculating element [1]; in the particular case of a circular orbit,
in which the orbit parameter p = r, where r is the magnitude of the
radius vector of the satellite,we have

P _ I/Z sinu  df _ ]/T

7t W 50 * w -H’—(:OS u
d—(p=—W]/-_r_ sin u cot 6 (1.1)
dt ©® :

Here p is the gravitational con-
stant and u is the argument of the
latitude.

We denote by @ the angular velocity
vector of the triad Ox'y’z’ relative
to the axes Oxyz. We consider the pro-
jection of ® on the axes of a rectangu-
lar system of coordinates with origin
at the center of mass of the satellite
C', consisting of the radius vector
of the satellite, its velocity vector, and the binormal to the tra-
jectory. Projecting the angular velocity vector with components @, )
and 6 defined by equations (1.1) onto these axes, we obtain

o, =WV, oy=0 0,=0 (1.2)
where o, oy and @, are the components of @ along the radius vector,
velocity vector, and binormal.

The relations (1.2) indicate that in the perturbed motion the triad
x'y'z’, fixed to the osculating orbit, rotates with angular velocity
W = WJ(r/u) about the instantaneous axis which coincides with the radius
vector of the satellite.

We define the position of the radius vector r, which is always in
the x'y’ plane, by the angle ©, measured from the x’-axis. For the
class of maneuvers considered [2]

dd = Qdt, or 8=Q(— t) (=%]/l:—_> (1.3)

where Q is the angular velocity of the satellite in the circular orbit
of radius r. From Fig. 1 we have

2. We use the methods of the theory of finite rotations for the



Orientating the plane of a circular orbit 875

determination of the law of variation of the variables y, 6 and u. Let
0., 0, 0, be the projections of the angular velocity vector on the x’,
y', z axes, which are fixed to the osculating orbit. Then we have the
system (3]

‘i_’iit‘=_‘;_’3a+%'(mx—imy)a, ?’£= _3%13 + st ioya (= Y=D) @1

where o, P are the Cayley-Klein parameters, which are expressible in
terms of the Rodrigues-Hamilton parameters Ao. A A2, Aa and the Euler

1'
angles [3]
0 0
a = Ao+ iAg= cos —cOSM—i— icos—sin1p +9
2 2 2 2 2.2)
0 — 0 —
B:—%y+ﬂp=—ﬁnfﬂn¢2¢+dﬁm§mﬂ 2¢

For the projections @, my' ©, we have

=0 cosh =W] rucos ¥, o, =osind=wWJ) rusin®, o0,=0 (2.3

In the system (2.1) it is convenient to transform to the independent
variable ¢ in accordance with the relation (1.3). Carrying out the
change of variables, we obtain with the aid of (2.3)

da i
=5 ne 93,

A w
» af i s ( r’)

’Ez’gnea n=—"

m (2.4)

where n is the lateral transfer thrust at the altitude of the satellite,
which we will assume to be constant during the maneuver, We determine
the initial conditions of the system (2.4) by assuming that the initial
values of the Euler angles at ¢t = t, are zero, thus

@ =1, B=0 for #=20 (2.5)

The system (2.4) reduces to a single linear equation of the second
order in «. Its solution for the initial conditions (2.5) takes the form

a=%(1—1’— Vn:_ii—i)exp [%(— L+ VRFD ﬁ]—{-
+ 71— e [~ 4+ VT D o] 2.6

Differentiating (2.6) with respect to & and substituting the result

into the first equation of the system (2.4), we find the following solu-
tion for [
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8 =ﬁ{exp [%(1 + V2t 0]—— exp [% (1 — V?.T‘-F“i) 1‘)]} 2.7

Separating the real and imaginary parts of (2.6) and (2.7), we have
in accordance with (2.2)

- 2 sin® ¢ \'s 2pp — & _ n . L
As (cos T'+n‘+ 1) 5 ll———-Vmsmfc cos 5 s
N __( . sin*'c)'/f . 2pg— 0 n 8)
;-cos'c+n2+1 i 3 R Aa 1/2_*_131111:51112
1 e Q —_— tan T
= VATI0 =2 VAT I(t—t), po= tan e
3 5 Vn 41 o) Pe tan V"2+1
From (2.2) we have
0 0 —
Ao=c057coslp—+2.(p, }q=sin§coslp Z(P 2.9
0 0 —_— .
As = cos 5 sinw -iz-(P’ Ao = sin-z—sin\p 5 ¢

Comparing expression (2.8) with expression (2.9), we conclude that

0 nsin ¢
= 200 — ¥, —¢ =9, 2 o, mSInT .
Y +9 Po y—9o=1¢ p) sin Vit (2.10)

It should be noted that a similar formula for 6 was obtained in (4].
From the first two equations of the systems (2,10) and (1.4) we find

Y = Pgr @ T Py — B u=p,.

Thus we have the following group of formulas 2.11)
\P—-u—mﬂL 0 =2 s ST T_gVa“-{—i(t to)
Vo1’ Y mE1 ST °

Formulas (2.11) determine the angular coordinates of the satellite
in the maneuver for both positive and negative transfer thrusts. How-
ever, it is necessary to keep in mind the fact that for n < 0 the angles
y, © and u are measured relative to the line of the descending node. An
analysis of the formulas shows that in the perturbed motion the inclina-
tion of the osculating orbit to the initial plane does not exceed a
value equal to

n

Va1

0; =2 sin— =2 tant N (2.12)

From (2.12), in particular, it follows that the rotation of the plane
of the orbit by the angle © = w is possible only for an infinitely large
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value of the transfer thrust (an impulsively applied thrust).

The dependence of the angle 81 on the transfer thrust is shown in
Fig. 2.

The maximum inclination e,

g 141 e is obtained for v = 1/2 w. The
|4 P”"—‘ values of all the parameters
120 at this instant are
n
0 =06;=2 tan* n, ¥ =u= -5
60 - x n
‘ 9 =Vari for =73
inl (4.5] 3
- I ' t is shown that
g g —% 4 7 73 n l4,5] i

for the maneuver considered
Fig. 2. here the perturbed trajectory
of the satellite is in the
plane of a small circle, inclined to the plane of the unperturbed orbit
by the angle 61/2 = tan~! n. For T = 1/2 7 the osculating orbit touches
the perturbed trajectory at its highest point with respect to the plane
of the initial orbit.

3. In order to obtain angles of rotation greater than 61 = 2 tan"1 n
it is necessary, as follows from the second equation of the system
(1.1), to keep the sign of ¥ cos u constant by reversing the direction
of the acceleration ¥ at the instant when cos u passes through zero.
The advisability of periodically reversing the direction of the thrust
was pointed out in a number of papers; we mention here references [4,6].
We will use the method stated above for investigating the maneuver with
a changing sign of the transfer thrust n. We consider the segment of
the perturbed trajectory on which the satellite travels with a constant
sign of the transfer thrust after the kth change in the sign of n. The
sign of the transfer thrust on this segment is defined by the relation

sign n sign® = (— 1)¥ <k=1,-~,m;m=eﬂt2 mﬁ gnq)

Clearly, the system (2.4) is valid for this segment. The initial con-
ditions are the values of the parameters at the instant of the kth
change in the sign of n. The values of all parameters corresponding to
this instant will be denoted by the index k. On the basis of the results
in Section 2, we find

kn

n n
uk-——-?-f—(k—i)n, 1,::}:“2-, ﬁ'k:??ﬁ: 3.1
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"’k=%, 0,=2k w n(0), (pkz-?;"—i—(k—i)n—f—ﬁk (3.2)

where n(0) is the transfer thrust at the start of the maneuver.

Substituting (3.2) into the expression (2.2), ford = &, we find

0, [JL o J ] [ i 5

@ = 0S5 exp |5 (ke — 9p) |, B = — sin 5 exp|— 3 (ke — 1:)] 3.3
Selving the system (2.4) for the initial conditions (3.3), we obtain
3.4

0 Fid n une(k)-—-i)’ n 9
he = “25{008’(@ _2_)+ d ln’+1 sin?® ('c—k )J (k’ﬁ' —2‘---9)

(4] em __ e 9
133005‘5"'{008’({ k’g’)'*‘ (lnlt;:+ i ) Sln‘ t—k 5 } sm kg""i"—z—"‘f))
6 o) 1 42 YA )
h:sin-gf[cos’(c—- k -g—-) (nl T,_}_ 1+ ) (r-—k -—2—)] c0s (e-—— k %-{-—2-)
9 ol 1 1) e 9
pom e e =+ 5) - L2 Y 2 (54

where

Y P LA

V'fj_f (em 9% l) (3.5)
b= [___&f_ti_...m (+— k.’l)] 2
{n (ot 8% 4 1 2
Comparing expressions (3.4) and (2.9), we conclude that
Y +¢=kr—8&—2, Y—¢=2e—kn+ O (3.8)
si’n% = sin-ez—k[cos (1: — "’2‘) (In :: _e{_(k; + 17 sm‘(c — k %):]% 3.7
From the system (3.6) we find
b =e—p, g=kdn—(e+p—8 or u=kr—(e+p)
Substituting the expressioms (3.5), we obtain finally
71 e (k)
v i e e ()

R
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Var41 [1_,;:_[_2‘,,!00529(&) ( ki
2(/n | cot 2604 1) a1 o — k5 ) —

— cot ('c - kizt-)]} 3.9)

Formulas (3.7), (3.8) and (3.9) determine the angular coordinates of
the satellite during an arbitrary interval of time, in the course of
which the transfer thrust is constant and at the start of which the
values of the variables satisfy the relations (3.1), (3.2); when the
maneuver begins with a negative transfer thrust (a(0) < 0) the angles
y, © and u determined by the formulas are measured relative to the line
of the descending node.

u= kx4 tan- {

As an illustration, the dependence of the angles y, 0 and u in the
maneuver on T are shown in Fig. 3 for a transfer thrust |n| = 0.5. The
initial portion of the maneuver is calculated from formula (2.11) and
the latter according to formulas (3.7), (3.8) and (3,9).

Turning to formula (3.7), we reduce it to the form

8 2, 8 8 i A
sin %= sinfk{i +;;rn"+—-{[ eot‘i—g—l"-}—l—i—% cot iTk —1]5111’(1: — k%‘)} 3.10)

From (3.10) it follows that the growth of the angle O with increasing
T proceeds until the trinomial of the second degree in the square
brackets remains positive-definite., The positive root of this trinomial,
which determines the critical value Gk‘ of the angle Gk. is equal to
19l — 14 VarFid

ot —5— = Tl v or  [§*l=n— we |n| (341

For values !ekt > ‘Bk‘l any further increase in the inclination of
the osculating orbit is impossible. As follows from (3.11), the critical
case corresponds to motion of the satellite in the plane of a small
circle parallel to the initial plane,

For the maneuver illustrated by Fig. 3, the value of € at the instant
of the third change in sign of the transfer thrust exceeds the critical
value, hence for T > 270° a decrease in the inclination of the osculat-
ing orbit is observed.

The dependence of the critical angle ek‘ on the transfer thrust is
shown in Fig. 2.

4. The analysis carried out here enables the synthesis of a maneuver
for transferring the satellite from the original plane into a given
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plane. For selected values of the lateral transfer thrust, the control
of the maneuver reduces to ensuring the required duration of the action
of the transfer thrust and the required position of the satellite on
the orbit at the instant the maneuver begins.

The duration of the maneuver is de-

450 termined with the help of the formula
for 6, proceeding from the value of
360 the parameter T for which the given
u angle between the planes is attained.
In the case of a maneuver in which
270 the direction of the thrust reverses,
the required value of T is determined
180 // in two steps. First the number k of
rm—— sign changes in the transfer thrust
’A_f///’ is found as the integral part of the
30 v ratio
0 \ T N R—
90 180 270 \360° 2 wat n(0)
-80 where O is the given angle between the
n planes. Then after Gk is found, the re-
0.5 I Tl quired value of T is determined with
0 300 78 277 3 the aid of formula (3.10), and the
-os5L ‘ duration of the maneuver is
Fig. 3. Lt = %
QVni+1

For the known value of T at the end of the maneuver the shift of the
line of nodes of the osculating orbit to the end of the active portion
relative to the z-axis of the initial plane is determined. The x-axis
coincides with the position of the radius vector of the satellite at
the instant when the maneuver begins, hence the value obtained for the
angle y defines the required position of the satellite at the instant
ty relative to the given line of intersection of the initial and final
orbital planes,

In conclusion we remark that in order to ensure the perpendicularity
of the acceleration W to the plane of the osculating orbit, the thrust
must rotate with angular velocity o = WJ(r/u) about the radius vector
of the satellite,
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